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Abstract – Accurate local positioning systems usually use
a network of anchor nodes at known locations to track mo-
bile nodes based on the measurement of the time of arrival
(TOA) at anchor nodes of beacon signals transmitted by the
mobile nodes. To localize the mobile node either TOA pro-
cessing, where the unknown transmit time is estimated along
with the node location, or time difference of arrival (TDOA)
processing, where the transmit time is eliminated before es-
timating the node location, can be used. We show that the
position error bound of both these formulations are the same
by analyzing the Cramér-Rao lower bound. When process-
ing data collected in field trials, however, we observed that
the TOA processing yields better localization accuracy, and
explain this behavior using differential geometry-based cur-
vature measures that show that the TDOA cost function has
greater degree of non-linearity.

Keywords: Wireless sensor networks, localization, TOA-
ranging, pseudo-range, Cramér-Rao lower bound, differen-
tial geometry, curvature measures of nonlinearity, TDOA.

1 Introduction
GPS is one of the most widely used localization systems
due to its wide availability and low cost. For many applica-
tions, however, GPS is not suitable for a variety of reasons
including being unavailable (e.g., indoors), having too low
accuracy (particularly in multipath environments) or too low
update rate. For this reason there has been much recent work
in developing local positioning systems that overcome these
limitations.

Many localization systems, including GPS, are based on
the measurement of the time of arrival (TOA) of a trans-
mitted signal as it can provide better multipath resilience
compared to competing techniques such as received signal
strength or angle of arrival localization systems [11]. Lo-
cal positioning systems consist of anchor nodes, whose lo-
cations are known, and mobile nodes, whose locations are
estimated using the networks of anchor nodes. In network-
centric systems, localization is performed by measuring the
TOA of a beacon emitted by the mobile node at the anchors.

In mobile-centric systems (e.g., GPS) the mobile node mea-
sures the TOA of the beacons from the anchors and localizes
itself.

If both the mobile node and anchors in the system are
time and frequency synchronized, including a correction for
the propagation delay through the system electronics, then
based on the measured TOA the time of flight (TOF), hence
the ranges, between the mobile node and each anchor is
readily obtained. If, however, all the anchors in the system
are synchronized and only the anchor nodes (as in GPS) or
the mobile nodes transmit a beacon, then the measured TOA
corresponds to a pseudo-TOF (or pseudo-range, when mul-
tiplied by the speed of light), which is the actual TOF plus
an unknown offset (usually the transmit time) that is com-
mon to all anchors.1 Most local positioning systems only
perform TOA measurement in the anchor nodes so that the
mobile nodes (tags) are smaller, lower power and lower cost.

Calculating the location of the mobile node using mea-
sured pseudo-ranges can be formulated in two ways depend-
ing on how the unknown range-offset is treated. In one for-
mulation, called TOA processing, the unknown offset is es-
timated along with the mobile node location. This is used in
GPS [7] and allows the receiver to synchronize its clock to
the global time. In the other approach, the unknown offset
is treated as a nuisance parameter and eliminated by consid-
ering the time difference of arrival (TDOA). This is called
TDOA processing.

The pseudo-range measurement equations that relate the
locations of the anchors and the mobile node are nonlinear.
One technique to estimate the mobile location is to linearize
the measurement equations and use linear least squares al-
gorithm to solve the linearized equations. It was shown in
[13] that the position estimate and its error covariance re-
sulting from TOA and TDOA processing are identical if the
linearized TOA equations are considered. It is clear, how-
ever, that directly localizing the mobile node using the non-
linear measurement equations will result in better accuracy

1TOF or pseudo-TOF can be easily converted to the range or pseudo-
range. Hence we use TOF and range, and pseudo-TOF and pseudo-range,
interchangeably.



compared to the linearized processing.
In this paper we show that the position error bounds of

the nonlinear TOA and TDOA processing are the same by
analyzing the Cramér-Rao lower bound (CRLB) of the two
formulations. Thus one would expect to obtain the same
localization accuracy, irrespective of the type of processing
selected. When we tested these two processing methods on
data collected in field trials, using a local positioning sys-
tem that we have developed, we found that the TOA pro-
cessing resulted in significantly better localization accuracy
compared to the TDOA processing. We explain this obser-
vation by quantifying the nonlinearity of the measurement
functions and by showing that the nonlinearity of the TDOA
processing is higher compared to TOA processing.

In the next section we introduce the two pseudo-range lo-
calization formulations that are considered in this paper. In
Section 3 we show that the CRLB of the position estimation
of the two approaches are the same. Differential geome-
try curvature measures for nonlinearity are explained briefly
in Section 4. Field trial results comparing the performance
the two approaches, along with an analysis of the curvature
measures for this trial, are presented in Section 5.

2 Localization using pseudo-ranges
Assume that in a particular scenario there are N an-
chor nodes whose known locations are given by pi =
[xi, yi]T , i = 1, 2, . . . , N . Further assume that these an-
chors are perfectly time and frequency synchronized. These
anchors measure the TOA of a wideband pulse emitted by
the mobile node. We can write the TOA ti at the ith anchor
as

ti = t0 +
‖p − pi ‖

c
+ ni i = 1, 2, 3, . . . , N (1)

where t0 is the unknown transmit time, p = [x, y]T is the
unknown location of the mobile node, c is the speed of light,
and ni is the TOA measurement noise, which is assumed to
be zero-mean Gaussian distributed with standard deviation
σi.

The TOA measurements can be easily converted to the
range domain, with the pseudo-range measurement ri of an-
chor i given by

ri = r0+ ‖p − pi ‖ +vi i = 1, 2, 3, . . . , N (2)

where r0 = ct0 is the unknown range offset.
Given N pseudo-range measurements ri, the objective of

the localization problem is to find the unknown location of
the mobile node p. For many applications the range offset r0

is of little practical use and hence, it is often not required to
be estimated. In GPS, however, the range offset (or the cor-
responding time offset) allows the global time to be tracked
at the receiver. Depending on how the range offset parame-
ter is treated, two formulations for the localization of mobile
node are possible.

2.1 Approach I - TDOA Processing
In the first approach the range offset is considered as a nui-
sance parameter and is eliminated from the estimation prob-
lem. This can be done by considering the TDOA, or equiva-
lently the pseudo-range difference, equations. Without loss
of generality assume anchor 1 as the reference anchor and
then we can form N − 1 range difference measurements
ri1 = ri − r1, i = 2, 3, · · · , N . That is

ri1 =‖p − pi ‖ − ‖p − p1 ‖ +vi1 i = 2, 3, · · · , N (3)

where vi1 = vi − v1.
The vector of range difference measurements rd =

[r21, r31, . . . , rN1]T has a joint conditional Gaussian distri-
bution. That is

p(rd|q) = N (rd;μTD, RTD) (4)

where

μTD =

⎡
⎢⎢⎢⎣

‖p − p2 ‖ − ‖p − p1 ‖
‖p − p3 ‖ − ‖p − p1 ‖

...
‖p − pN ‖ − ‖p − p1 ‖

⎤
⎥⎥⎥⎦ (5)

and

RTD =

⎡
⎢⎢⎢⎣

σ2
1 + σ2

2 σ2
1 . . . σ2

1

σ2
1 σ2

1 + σ2
3 . . . σ2

1
...

...
...

...
σ2

1 σ2
1 . . . σ2

1 + σ2
N

⎤
⎥⎥⎥⎦ (6)

The maximum likelihood (ML) location estimate is then
given by

pML = arg max
p

log p(rd|p) (7)

2.2 Approach II - TOA Processing
In the second approach the range offset is estimated

along with the position of the mobile node. Let the un-
known parameters be grouped into q = [p, r0]T . Since
the pseudo-range measurements in different anchors are in-
dependent, the vector of pseudo-range measurements r =
[r1, r2, . . . , rN ]T has the following conditional distribution.

p(r|q) = N (r;μT , RT ) (8)

where

μT =

⎡
⎢⎢⎢⎣

r0+ ‖p − p1 ‖
r0+ ‖p − p2 ‖

...
r0+ ‖p − pN ‖

⎤
⎥⎥⎥⎦ RT =

⎡
⎢⎢⎢⎣

σ2
1 0 . . . 0
0 σ2

2 . . . 0
...

...
...

...
0 0 . . . σ2

N

⎤
⎥⎥⎥⎦

(9)
As in the previous case the ML estimate of the unknown

parameter vector q is given by

qML = arg max
p

log p(r|q) (10)

and the mobile node location can be easily extracted from q.



2.3 Solution techniques
The ML estimation formulations in (7) and (10) are nonlin-
ear optimization problems and do not have closed-form so-
lutions. A straightforward approach is to linearize the cost
function using a Taylor series approximation and iteratively
solve the resulting linear optimization problem [4].

A number of solutions [3][6][14] have been proposed for
localization using range difference measurements, i.e., for
Approach I. These algorithms derive the relationship be-
tween the range differences and the node locations using the
geometry and introduce what is called an equation error to
account for noisy range difference measurements. Then the
equation error is minimized to find the mobile node loca-
tion. These algorithms cannot be readily converted to solve
Approach II, because of the unknown range-offset.

In our experiments we used the iterative least squares
(ILS) algorithm [1] to solve the ML formulations in (7)
and (10). Starting from an initial solution, the ILS algo-
rithm updates the estimate using a first-order Taylor series
approximation of the measurement equations until there is
no more improvement in the accuracy of the location esti-
mate or the desired accuracy is achieved. An initial solution
for the ILS algorithm can be obtained by considering the
linearized pseudo-range equations as follows.

Consider the following noise-free pseudo-range equation:

ri = r0+ ‖p − pi ‖ (11)

= r0 +
√

(x − xi)2 + (y − yi)2 (12)

After squaring the noise-free pseudo-range equations and
rearranging the terms and then by subtracting the equation
corresponding to that of anchor node 1 from that of all the
other anchors, we will get the following N − 1 equations:

2xi1 + 2yi1y − 2ri1r0 = ki1 i = 2, 3, · · · , N (13)

where xi1 = xi − x1, yi1 = yi − y1, ri1 = ri − r1, and
ki1 = x2

i + y2
i − x2

1 − y2
1 − r2

i + r2
1 . We can write the above

N − 1 equations in a matrix form as

Pq = β (14)

where q = [x, y, r0]T ,

P =

⎡
⎢⎢⎢⎣

2x21 2y21 −2r21

2x31 2y31 −2r31

...
...

...
2xN1 2xN1 −2rN1

⎤
⎥⎥⎥⎦ β =

⎡
⎢⎢⎢⎣

k21

k31

...
kN1

⎤
⎥⎥⎥⎦ (15)

Therefore an initial solution for q is

q∗ = P †β (16)

where P † refers to the pseudo-inverse of matrix P . Note
that the ILS for Approach I can be initialized with the first
two elements of q∗.

3 Cramér-Rao Lower Bound
The CRLB provides a lower bound on the covariance that
is achievable by any unbiased estimation algorithm [8] and
often used to benchmark the estimation performance. Let
x ∈ R

n be the parameter of interest and x̂ an estimate of it
obtained from measurements z. Then the error covariance
E{(x − x̂)(x − x̂)T } is bounded by

E{(x − x̂)(x − x̂)T } ≥ F−1 (17)

where F is the Fisher information matrix (FIM) and the ma-
trix inequality A ≥ B means that the matrix A − B is posi-
tive semi-definite. The (i, j)th element of the FIM is defined
as [8]

[F ]ij = −E

{
∂2 log p(z|x)

∂xi∂xj

}
i, j = 1, 2, · · · , n (18)

We now derive the CRLB for the two pseudo-range local-
ization formulations and show that the position components
of both the bounds are the same, meaning that it is possible
to achieve the same localization error performance using the
two formulations.

3.1 FIM - TDOA Processing
In this case the unknown parameter vector q has two ele-
ments x and y, hence, the FIM is a 2 × 2 matrix. Let the
FIM be

F2 = −
[

[F2]11 [F2]12
[F2]21 [F2]22

]
(19)

where

[F2]11 = E

{
∂2 log p(rd|p)

∂x2

}
(20)

[F2]22 = E

{
∂2 log p(rd|p)

∂y2

}
(21)

[F2]12 = [F2]21 = E

{
∂2 log p(rd|p)

∂x∂y

}
(22)

Given the likelihood function (4), we can show that (see
Appendix A)

[F2]11 =
N∑

i=1

1
σ2

i

(x − xi)2

‖pi − p‖2
−

1
σ

N∑
i=1

N∑
j=1

1
σ2

i σ2
j

(x − xi)(x − xj)
‖pi − p‖‖pj − p‖ (23)

[F2]22 =
N∑

i=1

1
σ2

i

(y − yi)2

‖pi − p‖2
−

1
σ

N∑
i=1

N∑
j=1

1
σ2

i σ2
j

(y − yi)(y − yj)
‖pi − p‖‖pj − p‖ (24)



[F2]12 = [F2]21 (25)

=
N∑

i=1

1
σ2

i

(x − xi)(y − yi)
‖pi − p‖2

−

1
σ

N∑
i=1

N∑
j=1

1
σ2

i σ2
j

(x − xi)(y − yj)
‖pi − p‖‖pj − p‖ (26)

where σ =
∑N

i=1 σi.

3.2 FIM - TOA Processing
The FIM in this case is a 3×3 matrix, since the parameter

vector q has three elements x, y, and r0. It is given by

F3 = −
⎡
⎣ [F3]11 [F3]12 [F3]13

[F3]21 [F3]22 [F3]23
[F3]31 [F3]32 [F3]33

⎤
⎦ (27)

where

[F3]11 = E

{
∂2 log p(r|q)

∂x2

}
(28)

[F3]22 = E

{
∂2 log p(r|q)

∂y2

}
(29)

[F3]12 = [F3]21 = E

{
∂2 log p(r|q)

∂x∂y

}
(30)

[F3]13 = [F3]31 = E

{
∂2 log p(r|q)

∂x∂r0

}
(31)

[F3]23 = [F3]32 = E

{
∂2 log p(r|q)

∂y∂r0

}
(32)

Assume that F3 is partitioned as follows

F3 =
[

A b
bT a

]
(33)

where

A =
[

[F3]11 [F3]12
[F3]21 [F3]22

]
b =

[
[F3]13
[F3]23

]
a = [F3]33

(34)

With the above partitioning the inverse of F3, which is the
CRLB, can be written as

F−1
3 =

[
Ã−1 − 1

kA−1b
− 1

kbT A−1 1
k

]
(35)

where Ã = A − 1
abbT and k = a − bT A−1b.

Elements of Ã can be readily evaluated and can be shown
to be equal to the elements of F2. That is

Ã = F2 (36)

Since the position components of the CRLB in the sec-
ond approach is given by Ã−1 and that in the first approach
by F2, the equality of these matrices show that the position
estimates obtained using the two approaches have the same
lower bound.

4 Differential Geometry Measures
for Nonlinearity

Simple relative curvature measures were developed in [2]
to quantify the nonlinearity of a model function based on
differential geometry. These measures were developed to
quantify the adequacy of a linear approximation and its ef-
fects on the estimation of the parameter of interest. One of
the measures, the parameter-effects curvature (PEC), quanti-
fies the nonlinearity due to the particular parametrization of
the model and the other, the intrinsic curvature (IC), quanti-
fies the nonlinearity inherent to the model function.

Assume that x is a N×1 vector consisting of the unknown
parameters. f(x) is vector function of length M . Then the
second order Taylor series expansion of f(x) around x̂, an
estimate of x, is given by

f(x) = f(x̂)+Ḟ (x̂)(x−x̂)+
1
2
(x−x̂)T F̈ (x̂)(x−x̂) (37)

where Ḟ (x̂) is a matrix of size M × N , whose (i, j)th ele-
ment is given by

[Ḟ (x̂)]ij =
∂fi(x)
∂xj

∣∣∣∣
x=x̂

(38)

The quadratic term is a symbolic representation for an M -
dimensional vector whose mth element is defined by (x −
x̂)T F̈m(x̂)(x − x̂), where F̈m(x) is called the mth face of
F̈ (x) [12] is an N × N matrix, whose (i, j)th element is
given by

[F̈m(x̂)]ij =
∂2fm(x)
∂xi∂xj

∣∣∣∣
x=x̂

(39)

Define M × 1 velocity vectors as [2]

Ḟi(x̂) =

[
∂f1(x)

∂xi

∣∣∣∣
x=x̂

,
∂f2(x)

∂xi

∣∣∣∣
x=x̂

, · · · ,
∂fM (x)

∂xi

∣∣∣∣
x=x̂

]T

(40)
with

Ḟ (x̂) =
[
Ḟ1(x), Ḟ2(x), · · · , ḞM (x)

]T

(41)

Also define M × 1 symmetric acceleration vectors as

F̈ij(x̂) =

[
∂2f1(x)

∂xi∂xj

∣∣∣∣
x=x̂

,
∂f2(x)

∂xi∂xj

∣∣∣∣
x=x̂

, · · · ,
∂2fM (x)

∂xi∂xj

∣∣∣∣
x=x̂

]T

(42)
where i, j = 1, 2, . . . ,M .

The projection matrix is defined as

P = Ḟ (x)(Ḟ (x)′Ḟ (x))−1Ḟ (x)′ (43)

Using the projection matrix we can decompose the accel-
eration vectors into the tangential and normal planes. Let
f̈T

ij(x̃) be the tangential component and f̈N
ij (x̃) be the nor-

mal component of the acceleration vector.

f̈T
ij(x̃) = P f̈ij(x̃) i, j = 1, 2, . . . , N (44)

f̈N
ij (x̃) = (I − P )f̈ij(x̃) i, j = 1, 2, . . . , N (45)



The relative PEC KT
δ and the IC KN

δ , in the direction of
δ are defined as [2]

KT
δ =

‖δT F̈T(x̂)δ‖
‖ ḞT(x̂)δ‖2

(46)

KN
δ =

‖δT F̈N(x̂)δ ‖
‖ ḞT(x̂)δ ‖2

(47)

where δ = x − x̂. Related to these relative curvature mea-
sures are the scale-free [2] and the direct curvature measures
[9]. The scale-free PEC and IC are obtained by multiplying
the relative measures by the standard radius ρ defined as

ρ =‖z − f(x̂)‖
√

N

M − N
(48)

That is the scale-free PEC and IC are defined respectively
as [2]

γT
δ = ρKT

δ (49)

γN
δ = ρKN

δ (50)

The direct PEC and IC are defined as [9]

βT
δ =

‖δT F̈T(x̂)δ ‖
‖ ḞT(x̂)δ ‖ (51)

βN
δ =

‖δT F̈N(x̂)δ ‖
‖ ḞT(x̂)δ ‖ (52)

Using the above definitions it is straightforward to evalu-
ate these curvature measures for TOA and TDOA processing
described in Section 2.

One can observe that all of the curvature measures
described in this section compare the magnitude of the
quadratic term to that of the linear term. The linear ap-
proximation in (37) is accurate only if the magnitude of the
quadratic term is small compared to that of the linear term,
i.e., the model functions with smaller curvature measures
better approximate the true function value.

5 Experimental Results
The local positioning platform that we have developed at
CSIRO, called WASP (Wireless Ad hoc System for Posi-
tioning), operates in the 5.8 GHz frequency band and pro-
vides both ranging and communications capabilities. It uses
low-cost hardware and sophisticated signal processing to
overcome the challenges due to such hardware, and provides
accurate ranging performance in both indoor and outdoor
environments. Details of this platform can be found in [5].

We collected data using the WASP platform to evaluate
the performance of both the TOA and TDOA processing
techniques. In this trial we deployed a network of WASP
nodes in an outdoor environment and determined the true
location of each node using conventional survey techniques.
For processing twelve of these nodes were treated as anchors
and the remaining nodes as mobile nodes, whose locations

−60 −40 −20 0 20 40
−80

−60

−40

−20

0

20

40

60

x (m)

y 
(m

)

 

 

Anchors
Mobile nodes

Figure 1: Locations of the anchor nodes and the mobile
nodes used in the trial.

were to be estimated using the TOA and TDOA processing
techniques.

Fig. 1 shows the anchor node locations and 5 of the 25
mobile locations at which data was collected. For each mo-
bile node several sets of data were collected, where a data
set corresponds to all the measured pseudo-ranges to the an-
chors. Note that, unlike simulation studies, not all data sets
will have the pseudo-range measurement between a mobile
node and all the anchors, due to radio propagation effects.
Therefore the number of anchors used to localize a mobile
node may not be equal in all data sets.

Locations of the mobile nodes were estimated using both
TOA and TDOA processing with ILS algorithm used for the
maximization of the likelihood functions. The root mean
square error (RMSE) at each of the 25 locations were calcu-
lated and it was found that the median RMSE was 0.15 m
when using TOA processing and 0.24 m when using TDOA.
Although for many mobile node locations the performance
of both these formulations were similar, in some locations,
including the five shown in Fig.1, the localization accuracy
of TOA processing was significantly better compared to that
of TDOA processing. In none of these locations did the
TDOA processing give significantly better accuracy. Fig. 2,
shows the RMSE of the location estimates at the five loca-
tions shown in Fig. 1 and the CRLB of the location esti-
mates. As the true location of all nodes is known the actual
range noise variance can be determined and was used for the
CRLB estimate.

Since we have already shown that the CRLB of the two
formulations are the same and that both used the same
pseudo-range measurements and the same algorithm for op-
timization of the ML cost function, one would expect to get
the same localization accuracy from the two formulations.
As seen from Fig. 2, however, there is a significant differ-
ence in the estimation accuracy.

At each iteration, since the ILS algorithm approximates
the cost function by a first-order Taylor series and solves a
linear least squares problem, one can expect that the greater



the nonlinearity of the cost function the greater the difficulty
in finding the global minima. Since the curvature measures
described in Section 4 quantify the nonlinearity and hence
the accuracy of the first-order approximation, we calculated
these measures for both the TOA and TDOA formulations.

The relative, scale-free, and direct PEC and IC measures
were calculated for all the data sets of different mobile
nodes, and the median values of relative and scale-free cur-
vatures of the third mobile node are shown Fig. 3 and the
corresponding direct curvature measures in Fig. 4. For all
nonlinearity measures the TDOA processing presents a sig-
nificantly greater value compared that of TOA. This leads to
increased localization error for TDOA processing.

We observed in all the 25 locations that the curvature mea-
sures of the TOA processing were lower than that of the
TDOA processing. Further, increasing the number of iter-
ations in the ILS algorithm did not change the localization
accuracy. Therefore, we conclude that the increased nonlin-
earity of the TDOA processing causes the ILS algorithm to
get stuck in a local minimum in cases where the localization
error is higher.

6 Conclusions
The error characteristics of the TOA and TDOA process-
ing methods for localization using pseudo-range measure-
ments was analyzed in this paper. We analytically proved
that the CRLB of these two formulations is the same and
hence one would expect to obtain the same localization ac-
curacy by considering either of the two formulations. In our
experimental study, however, the TDOA processing, which
is the widely used in local positioning systems [3],[6],[14],
resulted in reduced localization accuracy compared to the
TOA processing. By analyzing the nonlinearity of the two
formulations using the differential geometry-based curva-
ture measures, we showed that the nonlinearity of the TDOA
processing is higher compared to that of the TOA process-
ing, which leads to the degradation in the localization accu-
racy. Hence, our analysis shows that, contrary to the pop-
ularity of TDOA processing, TOA processing is the better
formulation for pseudo-range localization.
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Appendix

A Calculation of the FIM in TDOA
Processing

By double differentiating the Gaussian measurement likeli-
hood given in (7) and taking the expectation we can show
that

E

{
∂2 log p(rd|p)

∂x2

}
= −∂α

∂x

T

R−1
TD

∂α

∂x
(53)
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Figure 2: Comparison of RMSE for the two formulations
against CRLB for the scenario shown in Fig. 1.
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node.
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∂2 log p(rd|p)
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= −∂α
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TD
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(54)
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{
∂2 log p(rd|p)
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}
= −∂α

∂x

T

R−1
TD

∂α

∂y
(55)

where α = rd − μTD.
The partial derivatives of αi with respect to x and y is

easily evaluated to

∂αi

∂x
= − (x − xi′)

‖p − pi′ ‖ +
(x − x1)
‖p − p1 ‖ (56)

∂αi

∂y
= − (y − yi′)

‖p − pi′ ‖ +
(y − y1)
‖p − p1 ‖ (57)

where i = 1, 2, · · · , N − 1 and i′ = i + 1.
To analytically evaluate the elements of the FIM the in-

verse of the covariance matrix RTD given in (6) is required,
which can be evaluated using the following lemma [10].

Lemma 1. If G and H are two matrices such that G is in-
vertible and H has rank 1, then

(G + H)−1 = G−1 − 1
1 + g

G−1HG−1 (58)

where g = tr HG−1.

We can write RTD as

RTD =

⎡
⎢⎢⎢⎣

σ2
2 0 . . . 0
0 σ2

3 . . . 0
...

...
...

...
0 0 . . . σ2

N

⎤
⎥⎥⎥⎦ +

⎡
⎢⎢⎢⎣

σ2
1 σ2

1 . . . σ2
1

σ2
1 σ2

1 . . . σ2
1

...
...

...
...

σ2
1 σ2

1 . . . σ2
1

⎤
⎥⎥⎥⎦

(59)

= R1 − R2 (60)

R1 is a diagonal matrix and has inverse and R2 is a matrix
that has rank 1. Then Lemma 1 can be used to find R−1

TD,
which is given by

R−1
TD =

⎡
⎢⎢⎢⎣

1/σ2
2 0 . . . 0

0 1/σ2
3 . . . 0

...
...

...
...

0 0 . . . 1/σ2
N

⎤
⎥⎥⎥⎦−

σ2
1

1 + g

⎡
⎢⎢⎢⎣

1/σ4
2 1/σ2

2σ2
3 . . . 1/σ2

2σ2
N

1/σ2
3σ2

2 1/σ4
3 . . . 1/σ2

3σ2
N

...
...

...
...

1/σ2
Nσ2

2 1/σ2
Nσ2

3 . . . 1/σ4
N

⎤
⎥⎥⎥⎦
(61)

where g = σ2
1

∑N
i=2 1/σ2

i .
Now substituting the above for R−1

TD in (53), (54), and
(55) and after some straightforward, but tedious, calcula-
tions we can derive the elements of the FIM as given in (23),
(24), and (26).
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